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Section 2 Introduction
Singly even magic squares are of the foté 2, whereé is a natural number.

| saw a solution to singly even magic squares lggfanto Shin, Kwon Youngat
http://user.chollian.net/~brainstm/other.htm

Using his solution as my starting point, | wantedteate a magic square that as closely as
possible resembles the 1-2-1 pattern used by nsagiares of the forrd@ . Interestingly magic
squares of the fordd+ 2an be shown to have two separate 1-2-1 patterns.

The larger 1-2-1 pattern has its sections sepafedgtdeach other by either a single row or
column. The remaining 1-2-1 pattern involves thie tows and two columns that acted as
separators for the sections in the larger 1-2-fepat Since the diagonals in the remaining
2-row/2-column pattern are required to remain fixbds requires an additional four exchanges
to equalize the square. However, regardless oflaoye you make, only these four
exchanges will be required. One exchange willnhoée larger 1-2-1 pattern and three
exchanges will be in the smaller 1-2-1 pattern.



Section 3 Detailed Explanation for the GeneraliSgly Even Magic Square

Magic Squares that have a side{4# + 2) = x units, whered is a natural number, can be shown

to follow the same 1-2-1 pattern as a magic sqwase side is@lunits. However, the sections

using the 1-2-1 pattern are separated from eadr btheither a single row or column.

Interestingly, the remaining two rows and two cohsmminus the diagonal cells have their own

1-2-1 pattern.

There arg{46 + 2)° = x? cells to fill, of which(46)? = (x - 2)* are occupied by the larger
1-2-1 pattern. Thufl66 +4) = (4x - 4) cells remain to be filled.

Requiring the remaining 4 values on the diagorakeep their original values guarantees that
the diagonals will add up té x(x2 +1). This is also in keeping with the 1-2-1 pattefmene all

diagonals are in their original position. Thisueds the number of cells to fill thx— .8
However, this requirement will cause us to comptete additional column exchange and three

additional row exchanges, involving two cells wéthich exchange.

All rows and columns must add up%z'ox(x2 +1). All rows and columns that are only missing

two elements, their remaining two values must smuﬁxhl) because the rest of the blocks are

filled using the 1-2-1 pattern.



Figure 3.1 Larger portion using 1-2-1 pattern

Green areas keep their original order; gray areas their order reversed.

* On the last step, we will need to swap two normgolel cells from the two center columns on
the same row. Whether or not it will be from threen or gray area will depend on how we

choose to fill the two remaining rows. The resthaf 1-2-1 area will remain the same.



Figure 3.2 Completion of diagonals — kept in araipositions.
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Figure 3.3 Previous two charts combined.

Green areas keep their original order; gray areas their order reversed. Yellow areas are the
four diagonal values kept in their original positio



Figure 3.4 Columns/rows involved in smaller 1-paktern.
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The values below assume original placement.



Figure 3.5 Reverse order df2ow and 2 column.
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Figure 3.6: Swap ¥z of the row and %2 of the column.
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Figure 3.7: Total mapping (before final 4 exchas)ge
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Figure 3.8: A 14x14 magic square using the prevjmocedures.

1ST 2ND
6=3 COL. COL. 2

1379
1379

1379

1ST
ROW [ 154 153 152 47 48 148 49 51 52 143 142 141 [1379

1379
1379
1379
1379
1379

1379
2ND

ROW | 43 44 45 150 149 50 147 146 145|151 | 54 55 56 |1379

1379

1379

1379

2 1379 1379 1379 1379 1379 1379 1379 1379 1379 1379 1379 1379 1379 1379



A more general solution to the remaining two rowd swo columns, excluding diagonal values.

AFTER FILLING THE MAJOR 1-2-1 PATTERN AND REMAINING-OUR DIAGONALS,
WE ARE READY TO FILL IN THE REMAINING TWO ROWS / COUMN'S 1-2-1.

You have an option of completing either the coluwmnmow operations first. Column operations

are shown first only as a matter of choice.

Remaining 2-Column Operations

Step 1:

Have one column keep its non-diagonal values isingan order and have the other column
change its non-diagonal values to decreasing iarord

This step will give each row involved a sum(&f +1) for its remaining two values.
Also, note that for each row, prior to the reverta value in column 2 will always exceed that

of column 1 by%x.

Step 2:

Half of the non-diagonal values must be swappeddat the two columns.
Swap the central 2-x block

After this step, the sum of column 2 will exceeduoan 1 by x units. Since we will not swap
one of the diagonals, one additional swap will dguired.

Step 3:

Exchange:%(Zx2 +X+ 2) with %(sz - X+ 2) This step will equalize the two columns.
* After one of the columns is reversed, theselaenly two non-diagonal values

on the same row differing b%x.



Remaining 2-Row Operations

Step 1:
Have one row keep its values increasing in orddrheve the other row decreasing in order

except for the two diagonal values. This will make columns pairs sum (012 +1).

Step 2:
Half of the non-diagonal values must be swappeddat the two rows.
Exchange the two 1-x blockSince each row value in th&2ow exceeds its counterpart

in the £'row by%xz, this step will reduces thé%ow’s advantage to?.

Step 3:

Three exchanges are needed to balance the rows.

exchange #1:%x2 with %xz +1 This step aligns row values to be swapped.
exchange #2:%x2 +1 with gxz +1 This step equalizes the two rows.

1 2 . 1 2 3 2 . 3 2
exchange#3.zx —ax with ZX -ax+1 OR ZX +ax with ZX +ax+1,

. . o1, o
if the section contalnln%x is increasing in value.

Exchange #1 made the two affected columns uhedums step re-equalizes them.
a is a natural number and < 6.

OR
ZX + [ with ZX +/Xx+1 OR ZX - [x with ZX - [Xx+1,

if section contalnlngj x* is decreasing in value ar@l> . 1

Exchange #1 made two columns unequal. Thisrstggualizes them.
£ is a natural number and < 6.



Section 4 6x6 Magic Square — The first#4+2 magic square

Figure 4.1 Alphabetic location prior to any reagament.

coL1 COL 2 COL3 COL 4 COL5 COL6

ROW 1 A B C D E F
ROW2l G H I J K L
ROW3| M N O P Q R
ROW 4 S T U \% W X
ROWS5] Y Z AA AB AC AD
ROWG6| AE AF AG AH Al Al

Figure 4.2 Numeric location prior to any rearramget.

CoLl1 CcOL2 <COL3 <COL4 COL5 COL6 2
ROW 1 1 2 3 4 5 6 21
ROW2| 7 8 9 10 11 12 57

ROW 3| 13 14 15 16 17 18 93

ROW4| 19 20 21 22 23 24 129

ROW 5| 25 26 27 28 29 30 165

ROWG6G| 31 32 33 34 35 36 201

> 96 102 108 114 120 126

The 6x6 magic square is the smallest magic squaredorm, 4 + 2. The white shaded area is
one pattern, the gray shaded area is another patter the yellow are diagonals. Diagonals are
never moved.



Figure 4.3 Final alphabetic location after reagement.

coLl1 COoL2 COL3 cCcOoL4 cCOoL5 coLe6

ROW 1

ROW 2

ROW 3

ROW 4

ROW 5

ROW 6

Figure 4.4 Final numeric location after rearrangetn

coLi1 COL2 COL3 COL4 cCOL5 COL6 2

ROW 1 111
ROW 2 111
ROW 3 111
ROW 4 111
ROW 5 111
ROW 6 111

z 111 111 111 111 111 111



Figure 4.5 Algebraic expression for each 6x6 cell.

A %(4) s %(2x2 +4)

B %(x+2) T %(2x2+x+2)
C %(Zx) u %(ZXZ +2x)

D %(2X+4) Y, %(sz +2x+4)
E %(BX+2) W %(2x2 +3x+2)
F %(4x) X %(ZXZ +4x)

G %(x2—2x+4) Y %(3x2—2x+4)
H %(XZ—X*LZ) z %(3x2—x+2)
| %(XZ) AA %(3x2)

J %(x2 +4) AB %(3x2 +4)

K %(x2+x+2) AC %(3x2+x+2)
L %(x2 +2x) AD %(3x2 +2x)

M %(ZX2 - 4x+4) AE % (4% — 4x + 4)
N %(ZXZ ~3x+2) AF %(4x2 ~3x+2)
0 %(ZXZ - 2x) AG %(4x2 - 2x)

P %(sz ~2x+4) AH %(4x2 - 2x+4)
Q %(ZXZ—HZ) Al %(4x2—x+2)
R %(ZXZ) A %(4x2)

Algebraic expressions are not reduced to show dttenm.

Note that the expressions in the second group;—aq?elarger than the first group.



Figure 4.6 Simplified algebraic expressions fateéx6 cell.

A |1 S %x2+1

B | Tx+2 T | Leeliel
4 2 2 4 2
1 1.,

C —X U —X"+=X
2 2 2

D | Ix+1 v | Ixrelxan
2 2

E §X+1 W lx2+§x+—
4 2 2 4 2

FolX X %x2+x

G | x-x+l v |3 -Lia
4 4

H e 1yl z 31yl
4 4 2 4 4 2

| 1x2 AA Ex2
4 4

J %x2+1 AB %x2+1

K EX2'|‘1X'|'1 AC §X2+£X+1
4 4 2 4 4 2

L —x2+ix AD §x2+—x
4 2 4 2

M %XZ‘X” AE | x? - x+1

N lX2—§X+1 AE X2—§X+1
2 4 2 4 2

@) Exz—ix AG xz—lx
2 2 2

P 1x2—1x+1 AH x2—1x+1
2 2 2
1, 1 1 , 1 1
—X"—=X+—= Al | X*—=X+—

Q 2 4 2 4 2

R %XZ AJ X2




Section 5 General Singly Even Magic Square As Reloped from the 6x6 Magic Square

Figure 1 shows all 36 elements of a 6x6 magic suas the table is expanded for larger singly
even magic squares, the algebraic representatithre ddbeled locations will remain the same.
As the table is expanded, new entries will be dgsglaced as shown in figure 7.

Figure 5.1 Alphabetic location prior to any reagament of a general singly even magic
square.

CcoL1 COL 2 COL3 cCoL4 COL5 COoL 6




Figure 5.2 Alphabetic location after rearrangentdret general singly even magic square.

CoL1 COL 2 COL3 cCoL4 COL 5 COL 6

ROW 1

ROW 2

ROW 3

ROW 4

ROW 5

ROW 6

Columns 2 & 5 along with rows 2 & 5 form a pattefReverse the order of row 5 and column 5
(light gray — shows reverse order and light grdeows the original order). Swap the parts as shown
on figure 8. Five cells, in bold, are repositiondt—~J, I>AB, (Q—T)

The rest of the magic square forms a 1-2-1 paterim a doubly even magic square
(dark gray — shows reverse order and dark greemnsstiwe original order).
Only two cells, in bold, need to be reposition€id-D)

All remaining cells will follow their respective fiarn regardless of how large you choose
to make the singly even magic square.



Figure 5.3: Total mapping (after final 4 exchanges

1ST 2ND
6=3 COL. COL. 2

1379
1379

1379

1ST
ROW [ 154 153 152 47 48 148 49 51 52 143 142 141 [1379

1379
1379
1379
1379
1379
1379
2ND
ROW | 43 44 45 151 | 54 55 56 [1379
1379

1379

1379

2 1379 1379 1379 1379 1379 1379 1379 1379 1379 1379 1379 1379 1379 1379

The four exchanges are:

%(sz +x+2) o %(sz ~x+2) (ToQ)
1X2 — 1X2 +1 (I<J)

4 4

1X2 +1 “— EX2 +1 (J—AB)
4 4

1

=X “ %X+l (C~D)



Figure 5.4: Linear multiple of a Magic Square.

4165 4165 4165 4165 4165 4165 4165 4165 4165 4165 4165 4165 4165 4165

Magic squares may be multiplied by a linear vainehis case, each value was replaced with 3x + 2

times its value.




